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Abstract 

This paper investigates the decay properties of solutions to the massive 
hnear wave equation Ogth + = for g the metric of a Kerr-AdS 
spacetime satisfying \a\l < and a < j satisfying the Breitenlohner 
Freedman bound. We prove that the non-degenerate energy of iIj with 
respect to an appropriate foliation of spacelike slices decays like (logt*)~^. 
Our estimates are expected to be sharp from heuristic and numerical 
arguments in the physics literature suggesting that general solutions will 
only decay logarithmically. The underlying reason for the slow decay rate 
can be traced back to a stable trapping phenomenon for asymptotically 
anti de Sitter black holes which is in turn a consequence of the reflecting 
boundary conditions for at null-infinity. 
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1 Introduction 



In a sequence of recent papers [27l [26l [28l [29] , the study of boundedness and 
decay properties of waves on asymptotically Anti-dc Sitter (AdS) black hole 
spaeetimes was initiated. The analysis focused on the dynamics of the massive 
wave equation 

□,V' + ^^ = o (1) 

for g an asymptotically AdS spacetime with cosmological constant A = — 3Z~^ 
and a satisfying a < | , the Breitenlohner-Freedman bound. The well-posedness 
of this equation on such backgrounds was established in [MJ [57] under suitable 
boundary conditions at null-infinity. (See also U for earlier results on exactly 
AdS.) The uniform boundedness of solutions to ([T]) was proven in |26| for Kerr- 
AdS spaeetimes, provided the angular momentum per unit mass of the black 
hole is not too large0 The proof relied on three crucial ingredients: 

1. the existence of a globally causal vectorfield on the black hole exterior 
(the Hawking- Reall vectorfield |2l]) for the range \a\l < r+ where r+ = 
r-|_ (Af , a, I) is the r-value at the horizon in Boyer-Lindquist coordinates, 

2. the exploitation of weighted Hardy inequalities allowing one to absorb the 
(wrong-signed) mass-term in the range < a < |, 

3. the redshift effect near the event horizon coupled with the Hawking- Reall 
vectorfield allowed to prove boundedness without the construction of an 
integrated decay (Morawetz) estimate. This goes back to an idea of 
Dafermos and Rodnianski in the asymptotically-flat, Schwarzschild-case, 
cf. [H]. 

The ingredients [U and [3] are particularly remarkable, when compared with the 
situation in the asymptotically flat case, where the boundedness statement for 
solutions of the massless wave equation on Kerr with a <?C M is already inti- 
mately connected with the decay properties of the solution [50] : The absence of 
a globally causal Killing field implies that techniques based purely on spacetime 
vectorfields are insufficient to control the solution and instead microlocal anal- 
ysis is required (or higher order differential operators, see [2])). Interestingly, 
integrated decay estimates had to be constructed for superradiant frequency 
ranges to prove boundedness of the solution. The Kerr-AdS-case, on the other 
hand, is (precisely because of (1) and (3)) more similar to the asymptotically- 
flat Schwarzschild case, where the boundedness and the decay statements can 
also be entirely decoupled. 

Regarding[TJ above, we also remark that in the range \a\l > r+ solutions are 
expected to grow because superradiant effects are continuously amplified by the 
reflecting AdS boundary [Tnj[Il[n]. 

^In fact, the result was shown to hold for a class of C'^ perturbations of these spaeetimes. 
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While the decay of solutions on asymptotically-flat Kerr black holes has re- 
cently been understood for the subextremal range |a| < M [19] after a period of 
intense research over the last ten years [Il[I71[ini[ini[Tl[IHl[3Tl|31[g,the ques- 
tion of decay of solutions to ((T]) remained unanswered in . Very recently the 
authors, in the context of a spherically symmetric non- linear problem |28[ 129] . 
proved in particular that spherically symmetric solutions of ([1]) decay exponen- 
tially on the Schwarzschild-AdS black hole exterior provided a < 2 holds. The 
latter result exploited a version of the redshift near null-infinity, as well as the 
absence of any trapping phenomena in spherical symmetry. 

Beyond spherically symmetric solutions of the wave equation, however, the 
picture changes radically. This may be anticipated at the heuristic level from 
an analysis of geodesic flow (which is the high frequency or "geometric optics" 
approximation for the propagation of waves) on the Schwarzschild-AdS man- 
ifold (i.e. a = 0). As in the asymptotically flat case, the radial equation for 
the null-geodesics sees a potential V (r) which exhibits a local maximum at 
r = 3M corresponding to the familiar photon sphere. Consequently, ingoing 
geodesies which do not have sufficient energy to surmount the potential will be 
reflected off towards nuU-inflnity. While in the asymptotically flat case these 
(now outgoing) geodesies eventually leave the spacetime through nuU-inflnity, 
in the asymptotically AdS case, they are reflected back into the spacetime. This 
is a stable trapping phenomenon, which constitutes a serious obstacle to prove 
decay. The above reasoning does not take ' 'tunneling-effects" (i.e. the uncer- 
tainty principle for the wave equation) into account. Indeed, an exponentially 
small part of the energy will tunnel through the potential and leave the black 
hole exterior through the event horizon. From these heuristics one may expect 
a logarithmic decay rate and this is indeed what we shall prove below. 

1.1 Logarithmic Decay 

We now state our main results directing the reader to Section [3] for a precise 
definition of the energy norms and functional spaces involved in Theorem 11.11 
The statement below also makes reference to a foliation of the Kerr- AdS black 
hole exterior by spacelikc slices, E^* , which will be defined in Section [2] For the 
reader familiar with the formalism of Penrose diagrams, the foliation may be 
read off from Figure 1. 

Theorem 1.1. Let {A4,g) be a Kerr-AdS spacetime with parameters [M,a,l) 
for which the boundedness theorem of \2G^ hold^ and ^ be a CH\^g solution 
of ([!]) with — oo < a < I on this background. Assume moreover that one of the 
following three conditions on the parameters hold: 

1. a<l , 

2. 1 < a < 2 and \a\ < ^ , 

■^In particular, both the Hawking-Rcall condition > \a\l and the no-naked singularities 
condition \a\ < I hold. 
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3. a is sufficiently small depending only on M , I and a. 



Then, for the foliation of spacelike slices Yif (intersecting the event horizon) 
defined in Section \2.8\. we have the decay estimate 



ds(So) 



(2) 



for any t* > 2, where < allows a constant depending only on the parameters M , 
a, I of the background spacetime and on a. 

By what have become standard techniques (commuting with T, the redshift 
and angular momentum vectorfields, cf. [T3], [IS]), one obtains this log t'^-decay 
for all higher order norms and also pointwise estimates via Sobolev embedding. 
In particular, one has 

Corollary 1.2. Under the assumptions of Theorem 1 and with ip in addition 
in CH\^q one has the pointwise bound 



w < (log t*)-' \\mi 



(3) 



We remark that we have made no serious attempt to optimize the conditions 
on the parameter a in items 2 and 3 of Theorem 11.11 They can most likely be 
improved with further work. 




Figure 1: The spacelike hypcrsurfaccs Et and Et*. 



1.2 Absence of time-periodic solutions 

Obviously, Theorem 11.11 excludes time-periodic solutions. This situation is in 
sharp contrast with that of pure AdS, where periodic solutions may be easily 
constructed, cf. |8]. It turns out that the absence of periodic solutions can be 
proven in a more elementary fashion which is why we include and prove this as 
a separate theorem. 



5 



Theorem 1.3. Let {M,g) be a Kerr-AdS spacetime with parameters {M^a,l) 
such that \a\l < and \a\ < I. Let ip be a solution of in the class CH\j^g, 
with a < 9/4, with ip of the form ijj = e'"^*ip, where w G M and ip is constant in 
t. Assume moreover that one of the three conditions on the parameters given in 
Theorem ] Ll\ hold. Then ip ~ 0. 

The above theorem imphes the absence of time-periodic solutions in CH\^g: 
Indeed, given a solution ip in CH^^g which is periodic in t with period ^ for some 
non-zero a; € K, we have the expansion ip = X]^-oo ^^'^"^^'m with a;„ = 27r-n-w. 
By Theorem II .31 all the ipn are zero. 

1.3 Quasi-normal modes 

The question of decay for solutions of wave equations in the presence of trapping 
has a long tradition in the context of the so-called obstacle problem in Minkowski 
space. Here, one studies the propagation of waves outside of a compact object. 
The analogue of trapped null-geodesics are piecewise straight lines reflected off 
the boundary of the obstacle but (due to the geometry of the obstacle) remaining 
in a compact region of space. For this problem, one can prove that, as in the 
setting studied here, a logarithmic local energy decay estimate always holds, 
even in the presence of stable trapping. In [9] , this decay result was obtained via 
an analysis of the so-called resonances, also known as quasi-normal modes in the 
physics literature. Resonances are the poles of the meromorphic continuation of 
the (truncated) resolvent of the associated elliptic operator. In the black hole 
setting, such techniques have been very successfully applied on asymptoticall y 
de Sitter manifolds [32l El ESI ESI [221 El] ■ 

Finally, the issue of locating the quasi-normal modes is also a popular 
theme in the physics literature [301 US]- For the case of the wave equation 
on Schwarzschild-AdS, it was found numerically in |23j that the imaginary part 
of the quasi-normal modes approach the axis exponentially fast as the angu- 
lar momentum mode i goes to infinity. This is suggestive of general solutions 
decaying at best logarithmically. 

1.4 The non-linear stability problem 

Let us relate our results to the problem of non-linear stability for asymptotically 
AdS spacetimes. As mentioned above, there is no decay for the wave equation 
on pure AdS, in fact, one can construct an infinity of periodic solutions on this 
background. For the associated non-linear problem, that is the evolution under 
the Einstein equations of perturbations of Cauchy data for AdS (supplemented 
with appropriate boundary conditions), this is highly suggestive of instability. 
This fact was first pointed out in a talk of M. Dafcrmos [13], and suggested 
independently (using different arguments) by the results of [T]. Recently, there 
has been some interesting numerical work [6] in support of AdS being unstable. 

Turning from pure AdS to black hole spacetimes, one has the result of [29] 
proving asymptotic stability of Schwarzschild-AdS with respect to spherically 
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symmetric perturbations in the context of the Einstein-Klein-Gordon system. 
With this in mind, one may expect a similar result to hold for general pertur- 
bations of Schwarzschild-AdS, or more generally, Kerr-AdS spacetimes. On the 
contrary, the analysis of this paper suggests that this belief is likely to be mis- 
conceived: While the trapping mechanism is absent in the spherically symmetric 
case (allowing one to prove exponential decay in this symmetry class) , it will, in 
general, prevent the linear solution from decaying faster than logarithmically. 
For the non-linear problem, the logarithmic decay rate of the linear solution will 
be too weak to close a standard bootstrap argument. Thus one may conjecture: 

Conjecture 1.4. Kerr-AdS spacetimes are dynamically unstable for generic 
perturbations. 

1.5 Outline 

In Section [2J we present the family of Kerr-AdS Lorentzian manifolds. Sections 
[3] and |4] contain the functional framework for the Klein- Gordon field as well as a 
review of previous material (well-posedness and boundedness results) required 
later in the paper. In section [51 we exploit the separation of variables for the 
wave equation ([1]) to localize the solutions in various frequency ranges associated 
to both the time and the angular variables. This localization allows to replace 
PI by an ordinary differential equation with a (frequency dependent) potential. 
The relevant properties of this potential are also proven in this section. 

Our decay result is based on an integrated decay estimate for the low fre- 
quency part, which is derived via the construction of microlocalized energy 
currents which generate positive spacetime terms (pioneered in the black hole 
context in (TSl HB [H])- These currents are introduced in Section [S] and ap- 
plied in Sections [7] and [8] A key ingredient is the use of exponential weights 
in these currents, with the constant in the exponential depending on the fre- 
quency cut-off. In Section O we collect our frequency space estimates to obtain 
an integrated decay estimate on the low frequency part of the solution. The 
high frequency part of the solution is estimated in Section [TO] using simply the 
boundedness statement: This estimate gains a smallness factor (after commu- 
tation with angular derivatives) from the fact that the solution is supported on 
high frequencies. Finally, we conclud e the proof of the main theorem in Section 
llll bv interpolating between the high and low frequency estimates. 

A special case of Kerr-AdS spacetimes are the Schwarzschild-AdS space- 
times. In this case, we can improve the estimates for the low frequency part 
of the solution to establish exponential decay of the energy (with the constant 
depending on the frequency cut-off). This is done in Section [T^ Section [TO] 
contains the proof of Theorem 11.31 This section can in fact be read indepen- 
dently of Sections [7HIH Finally, Appendix [X] contains some standard estimates 
associated to the frequency decomposition. 
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2 The Kerr-AdS family of spacetimes 



The following presentation of Kerr-AdS spacetimes is strongly inspired by the 
presentation of the Kerr spacetimes found in [18) . 

2.1 The fixed manifold with boundary TZ 

Let TZ denote the manifold with boundary 

7^ = [0,cx)) X K X §2, 

We define standard coordinates y* for R+, t* for M and {6, <j)) for S^. This defines 
a coordinate system on TZ, which is global modulo the well-known degeneration 
of the spherical coordinates. 

We define the event horizon T-L^ to be the boundary of TZ 

n+ =dTZ = {y* = 0}. 

We denote by T and $ the vector fields dt* and d^, where the latter is to be 
understood as the extension of the coordinate vector field to all of §^ in the usual 
way. Let c/jt denote the one-parameter family of diffeomorphisms generated by 
T. The manifold TZ will coincide with the domain of outer communication of 
the black hole spacetimes including the future event horizon H^. 

2.2 The parameter space 

The Kerr-AdS family of spacetimes depends on three parameters (a, M, I), which 
are respectively the angular momentum per unit mass, the mass and a quantity 
related to the cosmological constant A via A = — p-. The parameters are as- 
sumed to satisfy M > as well as \a\ < I (the latter is needed to exclude naked 
singularities). Specifically, we define the parameter space T' to be 

V := {(a, M, e R X (0, oo)^ : \a\ < I}. 

For any {a,M,l) £ P, denote by r+{a, M,l) the largest real root of the 
polynomial 

A_ (r) = (r^ + a^) (^1 + - 2Mr. (4) 

2.3 Kerr-AdS-star coordinates 

Let r{a, M,l,y*) be a smooth real valued function defined on P x [0, od) such 
that ''|(a,M,i)x(o,cxD) is a diffeomorphism onto [r+(a, M, Z), oo) which coincides 
with y* for y* > 3M. For each parameters (a, M, I) € T', the collection 
{t* ,r{a, M,l,y*),(t),9) determines a coordinate system on TZ, global up to the 
degeneration of the spherical coordinates, which we call Kerr-AdS-star coordi- 
nates. 
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2.4 The tortoise coordinate r* 

Given parameters (a, M, I) £ V, we define the coordinate r* on {r > r_|_} as 

, r*(r = +00) = 7r/2, (5) 



dr A_(r) 

with A_(r) as in Q. Note that r* = —00 at the horizon. We will use the 
notation R* = f . 

We also define R^ao to be a some value of r* close to the horizon, i.e. Rt^^ is 
a large negative number, and we will eventually consider the limit i?* — > —00 
in our estimates. 

2.5 Boyer-Lindquist coordinates 

Finally, given parameters {a,M,l) G V, we define Boyer-Lindquist coordinates 
{t, r, 6, 0) from the Kerr-AdS-star coordinates as follows: 

t^t* -A{r) and 4, ^ (jj - B (r) (6) 

where 

dA 2Mr , dB " (1 " 75- 

= ; and — ;— = r (7) 

dr A_ (1 + ^) dr ^ ^ 

and A and B vanishes at infinity. 

The Boyer-Lindquist coordinate system only covers int (7?,), i.e. the set {r > 
r+}, which is the exterior of the black hole excluding the event horizon. Boyer- 
Lindquist coordinates are of particular relevance because it is with respect to 
these coordinates that the wave equation separates. 

2.6 The Kerr-AdS metric for fixed (a, M, I) 

Wc may now introduce the Kerr-AdS metric as the unique smooth extension to 
TZ of the tensor given on the Boyer-Lindquist chart by: 

V 2 



S ,2 S ,/,2 Ae(r2+a2) -A_a'snr. . 

gKAdS = -i—dr^ + d9^ + ^ sm^ 

A_ Afl ^^Zj 



„Ae (r2 -Ka2) - A_ .2^,7, A_ - A^a^ sin^ 61 , , 
-2— ^-^^ asin^ 6 d4>dt df (8) 



where A_ is defined by (jl} and 



r^ + c? cos^ 6*, A± = (r^ + a^) ( 1 + ) ± 2Mr (9) 



a2 



A, = \-— cos' e, S = 1 - — . (10) 



9 



Note the components of the inverse in these coordinates: 



tt ^ + sin' ( 



_ ■='2^2 

r,t4> 



A_I] AeS ^ EAesin'e SA_ ' 



That the tensor ([8]) indeed extends to a smooth metric on 7?. is clear 
examining its form in Kcrr-AdS-star coordinates for which we have: 



-T- , gt*t* — gtt : 

1 /. o . o „ I , S 



— ^ A+ - sin^ ^ ( ^"0 + p 



a sin' Q „ , , i 

50. = -— — SI] + 2A/r , 

2 

with /l'o = 1 + The inverse components are 



SA+ + a' sin' 6* (-fcoS + ^) 
^lA^S ' 
Ae S' aS 



5 = ^ V. ■ 9/, ' 9 



S AeEsin'ei ^o^'Ae 

^ E ' ^ E ' ^ fcoS 

The unit normal of a constant t* slice is 



with the determinant of the metric induced on constant t* slices being 
Vdet/i = ^det gt*=const = — sin 6* ( V-.g**'* 
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2.7 Coordinate Vectorfields and Isometries 

Note the following relation between the coordinate vectorfields in regular coor- 
dinates {t*, r, 6, (f) and in Boyer-Lindquist tortoise coordinates (^t, r* , 6, (f^ : 

dt* =dt , d^ = d^, 
Or = -rOt 7 5— — 5—5^ H 1 + dr* 



This implies in particular that the vectorfield 

^-^(-^*+^— ^^^) (^^) 

extends continuously to the event horizon and that A^Zip vanishes linearly in 
r — r+ on the event horizon. 

The vectorfields T = dt and ^ — are both Killing fields. An important 
linear combination is the so-called Hawking-Reall vectorfield 

K = T+ (25) 

which in addition to being Killing is globally causal on the black hole exterior, 
provided that \a\l < r\ holds. Note that K becomes null on the event horizon, 
while it is strictly timelike on the exterior. 



2.8 Foliations 

Wc denote by Ej* (respectively St) the hypcrsurfaces of constant t* (respectively 
constant i), cf. Figure fOI in the introduction. Wc write Eq for the slice St*=o, 
which is where (for convenience) wc will prescribe data for ([T]). We also make 
the convention that the Greek letter t is always associated with the t* foliation. 



3 The norms 

Let ^ and ^ denote the induced metric and the covariant derivative on the 
spheres Sj* ^ of constant t* and r in TZ. 

We write = ^ j^..^ j^, j^.il) to denote the induced 

norm on the spheres. We define the following non-degenerate energy norms for 
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the scalar field tp, of. 



2 
2 



'iP^r^dr sin 0d0d(j) 



St. 



r dr sin 0d6'd^ 



(St.) 



St. 



r^dr sin 



Higher order norms may be defined similarly. We denote by H'^^g{'St*), the 



space of functions ip such that V^ijj G Lj^JJ^f ) for i = 0, k and 



< 



oo. We denote by CH^^^^g the set of functions %!> defined on TZ, such that 
fl C"?(M*.;i/^;r''(S**)) 

q=0,..,k 

where = —2, Sfe_i = and Sj = s for j = 0, k ~ 2. 

k.O 



When s = 0, we will feel free to drop the s in the notation, i.e. H 
and CH^as — ^^'^ds- 



AdS ■~ ^AdS 



Remark 3.1. One can actually prove boundedness and decay for norms with 
stronger r-weights in the angular derivatives than given above by commuting 
with angular momentum operators near infinity in the estimates. 

We also define the densities 

ei M = ^ (ft.V')' + {dr^f + + i;^ , 

1 2 

62 [-0] = ei [dt*ij] + {dt-dt^il)) + ei [4)] 

+ {drdrijf + r^iya.vp + lyyvi' , (26) 

which the reader can convert to Boyer-Lindquist coordinates using the formulae 
of Section 12.71 Finally, let us define the initial energies 

[^] = Uf 1,0 .y , + Wdt^^f o.-^,y , < oo , for aU V e CH\^s and 

'^AdSy^OI "AdS y'^OI 

"Ads'^^O) "AdS\^0) "Ads'^^O) 



for all V' e CiJ2 



4 Well-posedness and boundedness statement 

We review in this section previous results concerning Klein-Gordon fields in 
Kerr-AdS spacetimes which will be used later in this paper. 
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From Definition 5.1 of we recall that an H'^ -initial data set {u,v,w) for 
([J) on a slice Sj* of constant t*, say t* = for convenience, is determined by 
specifying freely a pair v € H^^dg (5^o), w € H^aas (^o): which then uniquely 
determines a function u G H^^g (^o) (for any s < V9 — 4a) by solving an 
elliptic equation. The following statement is proven in |27| : 

Theorem 4.1 (WcU-poscdness in the energy class, ^7\). Fix a Kerr-AdS space- 
time with parameters (M, I, a) and let a < 9/4. Let (w, u, w) be an H\^g-initial 
data set on the spacelike slice Sq. Then, there exists a unique solution of 
(fT|) such that 'iJj\t*=o = u, 9t'0|t*=o — v and such that tp belongs to the class of 
CH\^g functions (unique within CH\^g). 

As usual, higher regularity is propagated and one can obtain the analogous 
statement for TJ^^^-norms with arbitrary k. 

We collect below also the main vector-field estimates leading to the uniform 
boundedness statement for solutions to ([T]). To state them in a form useful for 
the remainder of the paper, we recall the notion of the energy momentum tensor 
associated with ip satisfying ([T]), 

T^, [^] = d^^d,i> - ig^, (g'''d.,^dsiJ - ^<P') . (27) 
For a given spacetime vectorficld X, wc define the energy current 

J^[^.]= (28) 

which satisfies the identity 

(j^ m) = V" (V m xn = k,, [^] (^)^^'' , (29) 

with (^)^T^"' = i (WX"" + VX'') being the deformation tensor of X. The 
latter vanishes for X a Killing field. 

Theorem 4.2. Given parameters M > and I > there exists an a^ax > 
such that for all Kerr-AdS spacetimes with parameters M , I, a with \a\ < Omax) 
the following is true: Any solution tp of (QP with a < | arising via Theorem \4-l\ 
from initial data defined on Sq satisfies 

• Conservation law: 

[ J^^mn^+I [Km'^fjl^mnr (30) 

• Control of non- degenerate norms: There exists a globally timelike vector- 
field N (with —g(N,N) > c> 0) on the black hole exterior wit^ 

IIV^IIL- (...) + ^ ['^l ■ (31) 

•^Recall that if < a < ^, then n'' is actually not positive definite. However, the 

integral over t* slices of that expression is, cf. |26) . 
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The analogous statement holds with N replaced by K on the right- and 
norms degenerating near the horizon on the left-hand side implying that 
all of the terms appearing in IIS(J\) are non-negative. 

• Uniform boundedness statement: 

I J!!mn^< I J!![^]n>' (32) 

for all t* slices to the future of Eg . Similar estimates hold for higher order 
energies. 

• Redshift estimate: There exists 3M > ri > rg > r_|_ such that the estimate 

Jn{Ti,T2)n{r<ro} Jn{Ti,r2)n{ro<r<ri} 

+CM,l.a,a I I M (33) 

Jn(Ti,T2)n{r<rx} JS^j 

holds for any T2 > ti > 0. 

In [55], the estimate ([55)) was crucial to obtain the boundedness statement, 
as the spacetime terms on the right hand side were shown to be controlled by 
the spacetime integral of ["0] ri^^ ■ Here, we will use (|33p in conjunction with 
an integrated decay estimate in the interior for a certain range of frequencies. 
See Proposition [9]4] in Section [93] 



5 Preliminaries 

In the remainder of the paper, we study the solution arising from initial data 
prescribed on Eg as described in Theorem 14.11 We denote by C = CM,i,a,a a 
constant depending only on the fixed parameters in the problem. The symbols 
< and > are used to state inequalities which hold modulo such constants. 

5.1 Time cut-off 

Let X (-z) be a smooth real cut-off function which is equal to zero for z < and 
equal to 1 for z > 1. For any r G M, we define Xt (t*) — X (i*) xi^ — t*) and 
finally 

V{t\-)=Xr{t') ^^{t\-) (34) 

which is supported in < t* < only. If -0 is a solution of the wave equation 
P]). then ij:'^ satisfies the inhomogcneous equation 

^9...sr =F:= 2V"x*V„V' + i^a^.^sXl ^ , (35) 
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with F supported in the two strips 

{0 < < 1} U {r - 1 < < r} . (36) 

Note that 

r^\F\' < ^ [dt^^f + {dri^f + I^VP + V-' , (37) 
and hence in view of the support of F for any r, 

(r^lFp) r'dt*drded^ < II V'll?fi^^(So) • (38) 



Note also that 



and 



n{o,T) 



St* JT^t* 



To see the latter, convert the zeroth order error-term in the strips arising from 
the cut-off into a spacetime term using the radial derivative of ij}- Finally, use 
the boundedness statement. 

In view of the time cut-off, for any r > r+, i/j"^ is now Schwartz in the t 
variable (with value in H^^g) and we can take the Fourier transform, 

(t, r,e,4>)=^ f e-'"*V^ L, r, 6, 4>) du . (41) 

We would like to decompose i])'^ further using the separability properties of the 
wave equation. In this process, we will encounter certain self-adjoint operators 
on (whose eigenfunctions are related to the oblate spheroidal harmonics). 
We will study the spectral properties of these operators first. 

5.2 The (modified) oblate spheroidal harmonics 



Define the L? (^sin 6'(i6'(i0j -self-adjoint operator P acting on (§^)-complex 
valued functions (see section 7 of [TH] for a more detailed discussion) as 

-^^(0/ = -i-ae(Aesin(?a,/) + 1^-1-9?/ 
sni Ae sm 6 f 



.E^cos^ef~2i^^^cosHdJ, (42) 
Ag Ae r ^ 

with ^ ~ auj. Wc also define the operator Pa, which is equal to 
P (n-l PiO + wa^^in'O ifa>0, 

^"(?)-i , |a|„2„„„2zi „ / n (43) 
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For I oo the operator reduces to the oblate spheroidal Laplacian on con- 
sidered in [18]. If also a = we retrieve the Laplacian on the round sphere. 
Standard elliptic theory justifies the definitions 

P (^) has eigenvalues \mi (0 with eigcnfunctions Smi (aC, cos 6) e"""^, 
PaiO has eigenvalues A„i£ (C) with eigcnfunctions S'mf (aC> cos 0) e'™"^. (44) 

To analyse the spectral properties of these operators, we introduce^ 
moE. moE. 

Lemma 5.1 (Spectral properties of P^q,) + C^). Both X^e and X^i satisfy the 
estimates 

\^i + e>^^ ■\m\{\m\ + l) , (46) 

A,„£ > 2' • l™| (|m| + 1) + - Ca,i\m\\^ ~ ^+\ ■ (47) 

(r2_ + a^) 

Proof. We will establish the estimate for Xmi (i-e. the operator P (^)). The same 
proof goes through simply neglecting the additional non-negative term present 
in Pa (C). Recalling (|44|) and writing shorthand / = Sme (C, cos 9) e^"^'^, we find 



^2. a 



2 



. 9e (Ae sin^ae/) - —-^dp + ^ sin^ 0/ - 2mC-^- cos^ 9f 

= -- i^T^s (As sin 09,/) - + (/) = PiOf + Pc if) , 

sm & sm 6* 



1 . „ _a^cos^6'\^ ^^TO^a^ cos^ I 



where 



Pe = — ksin^-jTiS-— — +— ^ rTT>0- (48) 

Ae V I smO J r sm 9 

For Pc one can also derive the estimate (use sin~^ 9 > 1 + cos^ 9, Ag ^ > 1 + 
jr cos^ and the > |a|Z condition) 

4 

Pc>- -J - Ca,i\m\\uj - uj+\ . (49) 



''Recall that in the asymptotically flat case, the range < mcj < m,u]j^ corresponds to the 
superradiant frequencies. In our case, there is no "superradiance" in view of the properties of 
the Hawking-Real vector field. Nevertheless it will be useful to rewrite the potential in terms 
of a; — u)j^ , see below. 
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For P we integrate by parts to see that 



i.|3./|^ + H'_|V|- 



§2 



\def\' 



sm 



;\dj\' 



sm 



holds for any f E (S^) . 



□ 



5.3 The separation of variables 

We are ready to obtain the fuhy separated wave equation. We decompose the 
ip'^ of equation (PT|) as 



■0^ (uj, r, e,(f^ = ^ (^ij;^^ ^ (r) Smi (auj, cos 9) e 



(50) 



where {da = sin 9d9d(p) 



(auj) 



7ni 



1 



dt 



dae''^' Smi (aw, cos 9) e"™"^ ( 0, 4> 



\/2tT J_oo JS2(t,r) 

The analogous Fourier-decomposition for the source term F in ([55]) yields 



(r) 



1 



dt 



da e'"^* S*™*? (aw, cos6l) e"™-^ F 



/27r J-oo JS2(t,r) 

After the renormalization 

we finally obtain the equation 

(r)] " + (w^ - Vl7' (r)) . = i/^") (r) 
with the right hand side being equal to 



(t, r, 9, ^) 



(51) 



(52) 



(53) 



The potential V^'^^'' (r) is defined as 



Vir^ (r) = Fj;':) (r) + (0 + K (r) , 



(54) 
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where 

^+,rne V)- - / 2 , 2\4 ^ / 2 , 2\3 

= {r^+a^^ (^Vr^+a^y , (55) 
(auj) _ A- (A„£ + cj^a^) - S^g^TO^ - 2TOCjaS (A, ~ (r^ + a^)) 

' (r^ + a^) 

with Q (a) = 1 for a > and Q (a) = if a < (recah that the Xme also 
depend on a from Note that V-^ grows Uke ^ near infinity while the 

Vb-part remains bounded. 

5.4 Properties of the Potential 

We win now study the potential in some detail. We will establish good positivity 
properties of the potential near the event horizon for all cases of Theorem 11.11 
For a < 1 we in fact obtain global (in r) positivity estimates. For the remaining 
a-range, we will have to allow for a negative contribution in the global estimate. 

We will suppress the sub- and superscripts for the potential and its compo- 
nents in this subsection, i.e. we will write V for V^^\ V+ for V^!^^, etc. 

Lemma 5.2 (Frequency independent properties). // any of the three conditions 
of Theorem ] 1. 1\ holds, there exists > r_|_, depending only on a, I, M and a 
such that, for r G p+J, 

V+ + V^> C r\ (57) 

(r-^ + a^j 

where C is a constant depending only on M , I, a, a. Moreover, again for any 
of the three conditions of Theorem ll.ll we have the global estimate 



4/2r2 +a2 - (^2 +q2)2 



V+ + VO. + 772 > , ,\,2 ■ (58) 



For a < 1 the last term on the left hand side of i f5($|j can be dropped. 
Proof. Wc have 

2A r2 A 

[r^ + a^) ' (r^ 4- a^) 

from which one easily obtains ([57l) globally if a < 1. For a < | it is straightfor- 
ward to check that, adding the extra term on the left, (|58p indeed holds under 
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any of the conditions of Theorem 11.11 To obtain the estimate locally near the 
horizon without the extra term, we collect the leading order terms near the 
horizon from ([55]) to find that we need to establish positivity for 

5^ + 3r2 (l + ^) - 4^^^ + - ^{r^ + a')' (60) 

at r+. Using A_(r+) = to evaluate the term 4Mr+, the sign of the above 
expression is the same as that of: 

/ 7'^ 
3-^ + rl[l + -ya'^a^- 2a-±a' - a-, (61) 

which is easily seen to be strictly positive under any of the three conditions of 
Theorem [m □ 

Note that one can obtain the estimate (|57p near the horizon also for {V-^ + Vq)'. 
For Vq, wc simply remark the following property. 

Lemma 5.3. Setting C = \mi + uP'a? , we have 

Vq — = — [ijj — LJr)'^ H — 2 ~ 2maSa;) (62) 

(r^ + a'^) 

with the second term in 116^} being non-negative. 

Proof. The equality in (j62p is an easy computation while the positivity claim is 
a consequence of the positivity of the operator P + — 2to^S, which can be 
read off from 

1 1 / m" \ ^ 

{P + ^^^2m^E)f = —-de{Aesmedef) + --{^sme--^] f. (63) 
^ ' sm d Ae \ sm J 

□ 

To perform further analysis near the horizon we introduce 

Vred = V + \lu - UJr{r)\^ - i^^ , V ^ V + \uj - UJ+\^ - iO^ . (64) 

From the previous Lemmata, wc deduce 

Lemma 5.4. If any of the three conditions of Theorem ll. 1\ holds, there exists 
p+ > r_|_, depending only on a, I, M and a, such that for all r G [r+,p+], we 
have: 

Vre, > C^^^^ ■ + {C - 2maE.) (65) 

with C > a constant depending only on a, I, M , a. Moreover, the estimate I165\} 
is global for any of the conditions of Theorem \l.l{ provided the term r^j^a'^ 
is added to the left hand side when a>l. 
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In Section [71 we will analyze the behavior of solutions in the near stationary 
regime w ~ ui+. For this, we will need the following estimate on V , 

Lemma 5.5. Under any of the conditions of Theorem \l.l[ we have the global 
estimate: 

y + ^2^^2 > ^^\, \u^~u^+\ + C K + r') (66) 

where the second term on the left hand side can he dropped if a < 1. Moreover, 
if any of the three conditions of Theorem \1.1\ holds, then there exists an Q > 
and > depending only on a, I, M and a, such that for all frequencies 
\uj — w+l < ^ and all r € [r+,/5+], we have 

V > C A_[l + |m|(|m| + l)] , (67) 

V' > C A_ [1 + |m| (|m| + 1)] , (68) 
V' 

> C. (69) 

with C > a constant depending only on a, I, M and a. 
Proof. Wc have 

V = Vred + 2(a; - U}+){uJr - UJ+) - {uJr ~ w+j^ , (70) 

and using the properties of the Xmi collected in Lemma l5.ll 

(£ — 2maSa;) = {C — 2maSu;+) + 2maS(a; — a;_|-) 

> S^|TO|(|m| + 1) ^ 2 ~ '2maEu}^ — Ca,i\m\\uj — w+| . 

[rl + a2) 

We claim that 

2 4 "2 

„2 2 " m 
^ TO — 2TOa^a;+ H ^ ; 



(ujr — > Cm^ 



V' + ^ " , 

for some constant C > 0. To sec this use the estimate 
(r - r+) (r + r+) (r^ - r^) 



A_ 



< r (71) 



to find that the condition > \a\l ensures the above estimate. This establishes 
((66l). Assuming that \uj — cj+| < ^ the estimates (|67)) and (|68p immediately 
follow for O sufficiently large. For (|69p . recall the identity 

A_ 2 

y = y+ + H 2 ('^ ~ 2maSaj) + 2 (w — (w,. — — (cj,. — , 

(r^ _l_ 
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the fact that lo^ — w+ ~ maSA_ near the horizon and that m? ^ C — 2maSaj_|-. 
From this we see that 

V < CAu^aA- {l + iC- 2maEuj+)) + Cm^Im {n-^\m\A^ + m^Al) 

< CMj,aA- {1 + {C- 2maELo+)) (72) 

holds for sufficiently large and p+ sufficiently close to the horizon. Similarly, 

V' > CM,La A_ {1 + {C- 2maEuj+)) - CA/,i,aA_ Vl + m^A^) 

> CM.i,a A_ (1 + (£ - 2maSw+)) , (73) 

where we are exploiting both smallness of 57^^ and of A_ to absorb the last 
term by the first. Combining (|72p and (f751) produces □ 

5.5 (£, m,a;) low-frequency localisation 

Let C (z) be a smooth cut-off function which is equal to for z > 2 and equal 
to 1 for z < 1. Let moreover (z) be a symmetric cut-off function being equal 
to 1 for [—1/2, 1/2] and equal to zero for |z| > 1. We will cut off frequency 
both in the u! variable (at least in case that a ^ 0) and in the {£, m) variables. 
Let us define, for fixed L > 0, f2 > the following kernels: 

-.2, ,2 



l-C{{uJ-uj+) fl)] e"^^*~'''> ■ Smi (aw, cos^) Smi (aw, cos 9) , (74) 



poo 



L 

C ((w - w+) n) e'"(*-^) . S„i (aw, cos^) 5™£ (aw, cos 0) e™(*-*) , (75) 
and the associated projection operators 

V<L,uj^u+ (v) {t-,r,0,(j)) = 
ds I sin0d0d^ip (^s,r,9,^ IC<L,uj^uj+ (t — s,0,0,(j>,^ , 



oo 



for if (^s,r,0,^ a smooth function. Similarly for Vkl., iip){t,r,0,4>). In 
applications, (p will be the cut-off scalar field ip'^ or derivatives thereof. We 
finally define , ipj as follows: 

Naturally, one has V^" ^-^id i/'J hi CH\^g provided that ip is in CH\^g, for all 
fc > 1. 
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6 Microlocal current templates 



In this section, wc shall define currents at the level of the separated Fourier 
components (r) introduced in section [Ol These currents are clearly well- 
defined for -ip^ since in this case the u^"'' (r) are all smooth. 

To avoid overloading the notation, we will employ in this section the short 
hand notation u = ul^f {r),V = v}^,^^ (r) and H = i?^^^ (r). 



6.1 Microlocal energy and red-shift currents 

The microlocal current associated to the Killing fields T ^ dt and K = dt 
:pr^d^ is given by: 



[u] = ujim (u'u) and Qi^ [u] = (oj — ujj^) Im (u'u) 



(76) 



respectively. We have Q'j. = ujIm{Hu) and Q'^ = {lj — Im (Hu). Hence 
for i? = 0, the quantities Qt and Qk are constant in r* . 

Recall the definitions of (|64p . For any real function z, we also introduce the 
microlocal red-shift current: 



Qred ^ 

The current Q^^.^^ satisfies 

Qred ~^ 



\u' + i{uj - UJ+) uf - Vred I^T 



(77) 



u + i \ (jj 



' L,|2 



(zVred) \u 



z{\u\^y [Vred -V) + 2zRe [[u' + i 



u H 



(78) 



6.2 Microlocal Morawetz currents 

Wc finally turn to the Morawetz currents. Let / and g be bounded functions of 
r* only. Using the notation of [181 HI] ■, 'we define 



1 



I = f [\u'\^ + (c.2 - V) \u\'] + f'Re {u'u) - -/"|u| 



(79) 



Q'l = hRe (u'u) - , 



(80) 



Ql = g[\u'\' + {u^~V)\u\'] , (81) 

which satisfy 

{Qi) ' = 2/>f - (fV + i/'"") |up + 2/i?e [u'H) + f'Re (uH) , (82) 
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(Q^)' = h (|uf + {V- oj^) \uf) - ^h"\uf + hRe (uH) , (83) 

(QD' = 9' [\uf + - V) \u\'] ~ 9V'\u\' + 2gRe (u'H) . (84) 
In the following, the combination 

Q''" = Ql + Qi (85) 

will be particularly useful. For this choice 

+ {-g'V - gV + Vh- i/i"^ + 2gRe (u'H) + hRe {uH} . (86) 

7 Microlocal estimates for ib^ _ 

Recall the parameter f2, which determines the scale where we cut-off near 
cf. Section 15.51 In this section wc prove an integrated decay estimate for fre- 
quencies very close to a; = a;+ . More precisely, wc are going to determine an Q 
(large) depending only on the parameters, such that for frequencies satisfying 
\u! — w+l < ri^^, we have an integrated decay estimate. Once this constant il 
has been determined it will be fixed for the rest of the paper. 

Remark 7.1. These types of estimates for the "almost stationary regime" have 
appeared before in a different context in \18[ \19f and recently in In fact, it 
is the latter version that we are adapting here because we want to avoid using 
the redshift at this point (cf. the remarks in Section ] 9. 5\) . 



From Lemma l5.5[ we first note that we can choose oj — small enough such 
that we have the global estimate 

^+i;:^^^-^-(;^(^' + "^')' 

where the second term on the left hand side is not needed if a < 1. For the 
mass range a > 1 this additional term is gained from the derivative term via a 
Hardy inequality: 

Lemma 7.2. For any rcut > we have for a smooth function u with ur^ = 
0(1) at infinity 

^ foo A pea 

Proof. Note that the weight on the left is the r* derivative of r. Integrating by 
parts and Cauchy-Schwarz yields 

/•oo ,,2 I 2 

(r)' dr* < 4 / rf'-*— ^ - rcutf \uf . (89) 

'cut •> r=rcut 

The Lemma follows by estimating rcut >'''+■ CH 
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Next recall the multiplier written in the form 



-gv] --h" 



h V 



2gRe {u H) + hRe (uH) 



(90) 



li CO = we could simply choose g = and h ~ 1 to obtain an integrated 
decay estimate (a variant of this argument will be used in Section [T3] to exclude 
time-periodic solutions). However, as ui is only close to we need to cut-off 
h and control the errors using the function g. 

Let r_|_ < ri < r2 < (with corresponding 2 3 ) be r- values close to the 
horizon such that < and moreover (cf. Lemma [575)) 

- ^ V' 2 , y' 1 4A_ 
V >0, -^> — - and — 

V ?'2 y r -1- 



hold in r+ < r < r2 



From now on we regard r2 and as being fixed, depending only on the above 
conditions and hence depending only on M, I and a and a in view of Lemma 
15.51 The value of ri will be chosen below. Define g as follows: 



if r < ri, 

if ri < r < r2, 

if r2 < r < rs, 



r*y(r=ri) 
r*-V{r) 



{rl-rl)rlV{r=r2) 



and hence 



g {r 



if r > r^. 
if r < ri, 



r*-V{r) 



V r* 



if ri < r < r2, 
if r2 < r < r3, 



{r*-rl)r1^V{r=r2) 

if r > ra 



Note that g is C° and piecewise (hence the regularity is sufficient for the 
multiplier identity to hold) , everywhere non-positive and monotonically increas- 
ing. Define h as 



if r < ri, 
h (r*) if ri < r < r2, 
if r > r2. 



)rlV(r=r2) 



where h (r*) is a smooth monotone non- negative function interpolating smoothly 
between the two constant values at r = ri and r = r2. 
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Using in particular that V(r2) can be bounded from below independently of 
m, we can choose ri sufficiently close to the horizon (depending only on Af , / and 
a, in particular not on m) so that there exists a h (r*) satisfying \ h" (r*) | < ^^l^.j 

in ri < r < r2. This fixes our h (r*). 

Finally, with Lemma 15.51 in mind, we choose n sufficiently large (again de- 
pending only on M, I and a) such that the following holds near the horizon for 
frequencies |w — w+| < fl^^: 

V ^ u! = V — {cj — Cl'_|_ ) ^ in r2 < r , 

V — uj"^ = V — (oj — '^+)^ > in ri < r < r2 . 
Note that with this choice we have in ri < r < r2 

1 1 



h{V- a;2) + [-gV 
while in r2 < r < we have 



2- - r^.\2 



{r*y 2{r*f 2{r*f 



(91) 



h V 



-gV) - ^li' = h[v-iiu- iu+yj - gv' - ff'y + 



> 



9[]V> j-CM,La 



(r2 + a2)2 



(m^ + r^) , (92) 



with the appearing from the size of h. Finally, for < r < oo, h is 
constant. We can apply Lemma [72] with rcut ~ to the derivative term 
to gain the zeroth order term which makes ()66p available. With this, we have, 
for sufficiently large ft, 



dr* h[ \u'\'^ + {V ^ cj"^) \u\^] > 



CM.La 



dr* 



(r2 + a^y 



Note that this borrowing is not necessary if a < 1. We summarize the construc- 
tion in the following 

Lemma 7.3. Under any of the conditions in Theorem ll. 1[ there exists an 
depending only on M , I and a such that the following holds for frequencies 



Cm I, a 



(r^ + a'^y 



(r2 + a2) 
(m^ + r^) dr* + 



[m^ + r^) dr* -|- 



\u'?dr* 



I {r*y 

< -Ql^'-i (R* 



lul^dr* 



2gRe (u'H) + hRe (uH) dr* (93) 
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Here we have used that Q-'-ir'^) = in view of the decay of u and u' , 
cf. (|15ip . The factor of appears since the functions g and h scale with 
Note also that one first obtains this estimate without the boxed term, since it 
was used to borrow from in the Hardy inequality. However, one can simply 
repeat the estimate once more to regain control of the derivative term. 

The /i-error-term in the last line of is supported only for r > ri and 
easily absorbed on the left using Cauchy's inequality 

\hRe {uH) I < \h^^^Je—^—,\u\' + ^EHi^i!l±^|iy|2 . (94) 

As we will see later, the last term in (|M)) can be controlled from the boundedness 
statement. The g-evTOv in (|93p is more problematic, since we do not have control 
over the derivative u' in the region r < ri on the left hand side. We need an 
auxiliary estimate. Choose g = — r^^ and /i = in ((90|). Using again the 
properties of V we obtain an estimate of the form 

CM,i,a r {\uf + (1 + m') \u\') —^—^dr* < -2"'--^° {R*_^) 
Jr*_^ (' + a ) 

< CAu.a / \u W ^ {L + r^) dr* + CM,i,a / -\Re (u'H) \dr* 

Jr* [r'^ + a'') r JR*-^ 

Combining this estimate with the estimate of Proposition 17.31 and adding an 
angular term to the left hand side taking into account that \mi + a^o;^ < L, we 
finally find 



Proposition 7.4. Under the condition of Lemma \7.3\ we have 

[\u'f + \uf (m2 + r^ + A™, + a^u^)] dr* < 



/ 2 2 A ^ 

-L^-Ql'!^(R*_^~L'-Q~^-'''"(R*_)+L' I dr* ^"^ ^ \H\\ (95) 



where u = ■v/r^^T^V'mf'^ denotes the Fourier- separated components ofip^^^^^. 

Remark 7.5. The dependence on L could possibly be removed using a more 
refined analysis. However, since we are going to lose exponentially in L in the 
estimate for ibT ^ , we content ourselves with this rather crude estimate. 

8 Microlocal estimates for -^hl , 

In this section, we shall prove an integrated decay estimate for V'b'w?^!.^^- 
will write for the separated Fourier-components of ''I'l ^r^^^^ and as usual, 
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To keep track of the various parameters involved in this section, we note 
already at this stage that we will, depending on the size of the mass a, first 
choose numbers 712 and ni. Finally, depending on ft (fixed in the previous 
section), the constants ni,n2, the black hole parameters M, I, a and the cut-off 
constant L, we will choose a large constant k = CM,i.a.a,ni.n2 ■ L ■ fl^. 



8.1 Preliminaries 

Key to our argument in this frequency range is the use of exponentially weighted 
multipliers, which we introduce now. 



8.1.1 Exponentially weighted multipliers 



1+1 



< I and hence that 



Let X = arctan (j). Note CM.i,al < ■ Xr — I 1 

the expression r^Xr is essentially like a constant bounded away from zero and 
infinity. We define 



1 



fn = — cxp ( -fc arctan ( y ) ) = — e 



1 



(96) 



rf _ f fc Xr\ A_ _f.^ _ f -n \ A_ _ 

^ I n+l ) __9 , ~ I ~ K Xr ] , , 9 In ~ —Crjn , 



r 



where 



r 



With this we compute 

f:={cj^-a')U and C = - (^^ - Saa' + a") /„ (98) 

Differentiating a we find that away from the horizon, in r > 3M, we have for 
sufficiently large n and k (depending only on M, I, a) the bound 



— 3(T(t' + a" > CM,i,a 



n kn'^ixrr'^) nk'^ixrr'^Y k^ixr-r'^Y 
71 H — — - H ^7 — — H ^ \ ' 



(99) 



To see this, note in particular that all terms on the left hand side grow like 
near infinity. For r < 3M the expression on the left hand side of (|M)) is not 
positive everywhere. However, we can find a constant CM,i.a such that 

- iaa + cr" + CM,i,aO > CM.i,a {k^A^_ + fcA_) holds in r < 3M, (100) 

again provided k is chosen sufficiently large. We apply the same reasoning in 
the following Lemma, which has obviously been tailored to be applicable to the 
derivative of the multiplier ([7^ later. 
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Lemma 8.1. // / = /„ we have, for sufficiently large n and k (in particular 
k > Cm,iL > Cm J {Xni + a^uj^)), 



fV + -f" ] > -CM,l,a,c. ■ k 



+ CM,l,a,c 



A. 



-kx 



— X{r<3M} 



j,2 _|_ ^2 



Remark 8.2. Note that the first term on the right hand side is localized. 
Proof. Note the estimate 



\fV'\ < —^—^CM,i,a {\a\r^ + Lr) 
[r^ + a^j 



-kx 



for all r >r+ 



(101) 



Comparing with (|99|) and (jlOOp . it follows that this term can be absorbed by 
the /"' term for sufficiently large n and k. □ 



8.1.2 An exponentially weighted Hardy inequality 

A second key tool is the use of Hardy inequalities with exponential weights. 

Lemma 8.3. Let /3 e [0,1] and u{r*) be a smooth, bounded, complex valued 
function. Then, for positive numbers k and n > I, we have the Hardy inequality 



k (xrf^) 



r=5M 



+ CM,l.a 



„n+l 



r=5M g-fci 



k {xrr^) 
k (xrr^) 



M^dr* 



r=4M ' 



Proof. Let x ('') be a cut-off function which is equal to 1 for r > 5M and zero 
for r < 4M. Let AM* denote the r*-valuc at r = AM. We integrate by parts, 



^■4 

4M* 



xH'^dr* = 



4M* 



—x'\u\'dr* + 2 



^4 (,-k: 



4M* 



< 



4A/* 



X \u\'^dr* + 2 



— X i?e {uu') 



1 X \y!Ydr* 



5M* ^-kx 



4M* 
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observing that the boundary terms vanish in view of x vanishing at AM and u 
being bounded near infinity. This estimate leads to 



^ ' 6 



4A/* \ ^ / 

< 4 / —7 X \u'\'dr* + 2 / ^x'\u\'dr* . (102) 

Jam* „2k / e-'"' ] Jam* ^ 



Observe now that 



kx \ ^ Tl Jc , qr 



Taking into account 



< + /3 , , „ , and ^ <— for r > 4M , (104) 



the inequahty of the Lemma follows. □ 



8.2 Estimating from \u\'^ 



Wc turn to the estimates for the solution. We first apply the current Q2 with 
g = — /„2 (hence g' = crfn-^ > 0). As in ()90p . wc see that the spacetime term 
can be written 



(Oi)' = k'P 9' + \u\' 



2gRe (u'H) 



g' {lo - LO+f + [-gV 
We next study the behavior of the zeroth order term 

V = g' (w - uj+f + (-.9^ 
Lemma 8.4. In r < 2>M , we have (with g = —fn2, n2 >2) 

-Ig' {lj - Lj+f + (gV)' < k (L + l)e-'^'=^ 



(105) 



(106) 



(107) 



Remark: The point here is that we have a quadratic degeneration near the 
horizon on the right hand side. 

Proof. This estimate is easily seen for the term g'V since it is already of order 
A?_. We will show that the A _ -terms in the expression on the left hand side of 
(|107p have a negative sign (all terms quadratic in A_ are again controlled by 
the right hand side in (1107^ ). From Lemma [5.31 we recall 



V -V+-Va-UJ^ ^ - [UJ - 



—^—2 (£ - 2maEcu) (108) 
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and 



V' = {V+ + + 



(r2 +a2)3 



The {V+ + Va)' term is already positive if terms of order A^^ arc ignored. Note 
also that we can replace uJr by a;+ in the above since the difference ujr — w+ ^ 
7TiA_ will have an additional degenerating factor near the horizon and produce 
terms of order m'^A'^ < Lt^_. Ignoring the A^^ terms we need to show 

^" '" (-2r - {IdrAJ)) (w - w+) maS + {drAJ) {C - 2maSw+) 



-9 



(r2 + a2)" 



+ -.g' [lo - LO+f > 



holds in r < 3M . This is true in view of 3r A_ (r_|_) > CM,i.a and 



ri + 



(109) 



(ensuring a good m^-term) and the fact that the g' (w — u;-)_)^-term isf of size 
fc (w — , which in combination with the good m^-term will always allow us 
to absorb the cross-term for sufficiently large k. □ 

Lemma 8.5. In r > 3M, we have (with g ~ — /na - 1^2 > 2) 



^-g' (w - uj+f + {gV^ 



< 



|2-a| 



-kx 



ri2 — 2 1 1 k{xrr^) 

j.n2~3 12 p j,n2-2 



M,l., 



Proof. Near infinity/ in the interior we have (recall dr* jrdr near infinity) 

2 - a r2 



<l + L+\m\\u}- w+l 



,~, 2{2-a)r^,^ 1^ 1, ,, 
W ^^T^ — - — \ <r + -L + -\m\\uj ~ w+l 



(110) 
(111) 



and hence 

gV' + g'V < -/„ 



2 (2 - a) 



A_ 



P 



1* 



r 7'2 / P P 



7' (1 + L + |?T!,||cj - cj+l) - ,g ( r + -i + i|m||w - w+| 



. 1 ,2 , 12-c.l 

< -g (w - a;+) + — — 

+ CM,l,a,a «2 



7l2 — 2 k{xrr^) 



k{xrr^)\ (L + 1) 



-kx 
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since to^S^ < L. 



□ 



Combining the previous Lemmata, the estimate arising from the current 
with g = — /na finally reads 



dr* 



(r2 + a^Y 



712 k {r^Xr) 



-kx 



+CM,l,a-k{LO-UJ+) . 



-kx 



< 



12 -a| 



n2 



1 

j.rL-2 
2 



j'TL^ — 'i 



-c 



M.Li 



n2 



k{XrT 



A2_ 
(r2 + a^f 



dr* [-2/„,i?e (u'H)] 



(112) 



We claim that we can absorb (by the left hand side) the ju^-term on the right 
hand side in the region r > 5M using Lemma 18.31 Indeed, for the first term on 
the right hand side of (|112p we apply Lemma 18.31 with n = n2 — 2 and /3 = 0: 
Choosing n2 sufficiently large (depending only on the size of |2 — a|) then shows 
that this term is absorbed using a small part of the good „"Li term on the 
left hand side. This also fixes our ri2. For the term in the second line (the one 
which has the constant CM,i.a.a), we apply Lemma |8 . 31 again, this time with the 
choice n = n2 and /3 = 1. The Lemma reveals that for k sufficiently large, the 
term under consideration can be absorbed by the lu'^M^J^ji^J- term on the left 
hand side. We summarize the new estimate as 



dr" 



A_ 



ri2 k (r'^Xr) 



A_ 



+CM,l,a -kiuj- U+y — -2 

(r2 + a^) 
k{^y){L + l) ^^kx 



— ka. 



j.n2 

A2 



r<5M 



(r2 + a'^y 



[QURlo)-Q'2 {R-oo)] 



dr* [-2/„,i?e (u'H)] 



(113) 



In the following section, we prove a second multiplier estimate which essentially 
allows one to absorb also the part which is in r < 5M by the left hand side. 
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8.3 Estimating \u\'^ from \u'\ 



We apply the current Qq with / — /„j and rii > n2 + 1 sufficiently large so that 
Lemma [8 . 1 1 leads to the estimate 



dr* 



-R*_ 



dr* 



r<3M 



(r2+a2)^r»i- 



fc2 



fc2 



dr* [2U,Re {u' H) + f'^^Re (uH)] 

(114) 



8.4 Putting it together: The basic estimate 

Estimating the term in r < 5M on the right hand side of (|113p by the estimate 
(|114p and using that also L ■ <^ k, we arrive at 



-kx 



dr' 



2, „2\^ 



fc2 



(r2 + a2) 

/.I 



< 



1 



dr* [2fn,Re (u'H) + f^^Re (uH)] 



dr* [-2/„,i?e 



Multiplying by e*^"? and using elementary Hardy inequalities near the horizon 
and near infinity one can immediately improve the weights of the zeroth order 
term to 



R* 



dr* 



< 



fc2 



dr* [2fn,Re {u'H) + f'^^Re {uH)] 



+ - 



dr* [-2f„,Re (u'H)] 



Finally, we can add an "angular" term, k ^ {Xmi + a?i^^) I'I'P to the left hand 
side to obtain our basic integrated decay estimate. 
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Proposition 8.6. For u = \/r^ + a^V'm"'' the Fourier- separated components of 



il^Z rj, , we have 



dr* 



(r2 + a2) 



< 



|w? + ((c^ - + + [A„, + a'w'] ) |u| 



?o"' (Rio) - Qo"' 



dr* [2/„,i?e (u'i?) + /;^i?e (uH)] 



dr* [-2/„,i?e (u'i/)] . (115) 



9 Spacetime estimate for iIj^ = t/j^^^^^^ + ^^^.96^+ 

We succeeded in proving the microlocal estimates ((95)) and (|115p . We now want 
to turn these estimates into spacetime estimates by integration. For convenience, 
we will state the estimates in terms oi ip = u (r'^ + a^) 

Proposition 9.1. The low frequency part of 'tp'^ , ip^ , satisfies the integrated 
decay estimate 



rdt*drdaa2 



< CA./,/,a • e^"''--^ / J;^[V']n^ (116) 



=0 



where the integration is over the entire domain of outer communications, V. 

We will prove this estimate independently for ip^ (from (|95p ) and ip^ 
(from (jllSp ). hence for the sum. Later, we will improve further both the weights 
near infinity (using an r^-weighted estimate) and near the horizon (using the 
redshift) below. 

Proof. Integrate (|95p and (jllSp in uj and sum over I and m to convert the two 
estimates into spacetime integrated decay estimates for and 
respectively. The precise estimation of the terms which arise is contained in 
sections [UlinSl □ 
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9.1 The main terms 



Replacing u by -y/r^ + a^ip, the term on the left hand side of (|115p can be 
estimated 



lim 



duj 



1 



mi 



2 M «2^2 j,n2-2 



(r2 + a^y r 



> 



(r2 + a2)2r«2-2 
Here we have used the estimate (a consequence of Lemma 15.11) 



dtdr d(Tts2 



/oo 
^(A,„, {aLo) + aW)\^i:'^'^fdoj 
-oo „ 

dt j das^rvv^n', 



ml 
> CM,/, a 



(117) 



where 7 denotes the standard unit metric on the (t, r)-spheres. The same esti- 
mate holds for the left hand side of ((95|) with replacing tp^ every- 
where. 

9.2 The i/-error-terms 

For the i7-crror-tcrms in pi5|) we estimate for a weight function w (r) 



^ lim J2 duj dr* w (r) Re {u H) 

-^-«>~*'~°° „ f "'-oo JRt^ 

/oo /"^^ / 

dw I dr* w (r) Re '^'^/r'^ + a'^Tl + 
-00 Jr* \ ('^2_u„2^,5 



< e • lim > 



A- 



-00 "'fl* 



-2p 



Cm. 



/oo /"^^ 
dcj / dr* \Hf [r^+P • w(r)] 



2 r 
A^ 
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for any e > and p> 0. For the last term we further estimate 

/oo Z*^* 
„ -oo J?* _^ 



< Km 



< hm 

R* — > — oo 



dr* / r^^dOd^ I Ft 1 2 [r^+P • w (r)]^ A_ 



§2 



dt 



dr* / r^^d9d4> r^\F\^ [r^+P ■ w (r)] 



2 A- 



§2 



< llV^II?.i,,(.o) (118) 



provided \r^+P ■ w (r) \ < C is uniformly bounded. Here the last step follows 
from psp . All error-terms appearing in (|115l) . namely 



Re{uH)f^^ , Re{u'H),U, , Re (u' H) ~ 2f„, 



(119) 



can be treated in this way as is readily checked by inspecting the decay of the 



weights. Clearly, the 7J-error in (|95|) is also controlled by \\ip\\ LTi \ iri view 
of the previous computation. 

9.3 The boundary-terms 

First a rough outline of the argument: The boundary terms at infinity will be 
easily seen to vanish. The boundary term on R*_ao becomes - after integration 
over u;,m,£ - a boundary term on a timelike hypersurface of constant i?*^^ 
on the black hole exterior. In the limit i?*^^ — > — oo this term becomes a 
boundary integral on the horizon, which is in turn controlled by the energy of 
the Hawking-Rcall Killing vectorfield. 

We now turn to the precise structure of the terms. Note that all boundary 
terms at R^^ in both (|115|) and (|95|) arc of the form 



,'|2 



" \ 2 



terms with A_-factor (120) 



for a bounded function y = y{r*). Recall that the vectorfield Z defined in 
(|24p is regular on the future event horizon. In particular, the quantities Z {ip'^), 
Z (V'b') bounded pointwise. In Fourier-space, this condition translates to the 
condition that 



lim 

r* — > — oo 



/ 






u - 


f t CJ 5 5- 


).; 













(121) 
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holds. Recalling the flux of the Hawking Reall vectorfield through the horizon 
one obtain the estimate ("+0" indicating terms vanishing in the limit) 

^«-=e mi [ J 

lim I dt I sinOdOd^ \K^l [t, r , 6*, 0^ ^ + 

meded4> \Ki/ {t, r (i?* ^) , 6*, 0) p + 

|if(^^)P<||V^|pHi^^(s„), (123) 



lim 



< 

/>oo 

< lim / dt / sin( 

R* , 



/?i+(0,r) 

with the last step following from (j40|). 

9.4 Improving the weights near null-infinity 



We can improve the weights near infinity in Proposition 19. 1) so that we actually 
control the full energy in time (of course, it is still a degenerate energy near the 
horizon). This feature is characteristic of the asymptotically AdS end and was 
first observed in [29] . 

The following Hardy inequality will be useful, which can be proven using a 
simple integration by parts and Cauchy-Schwarz (or deduced from Lemma [72]). 



Lemma 9.2. Given e > 0, there exists an R* depending only on the parameters 
a, Af , I such that 



/ drV2|u|2 < [4-e]Z4 / dr*\u'\\ (124) 
Jr* Jr* 



IR* JR' 

Proposition 9.3. We have the estimate 



V 



dt*drd(Tg2 

< CM,La ■ e<^«.'-^-"' / j;^ [^] . (125) 
Jt*=o 



Remark: Inspecting the proof of Proposition 19.11 we see that we already 
proved this for t/)/" 



Proof. Choose / = — ^ for the microfocal current Qg in (|79|) . Repeating the 
conversion to physical space of the previous section, one sees that the boundary 
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terms near infinity and the horizon can be dealt with as before using only 
the boundedness statement. What does the resulting spacetime term control? 
Inspecting ((5^ . we see that 



> 



2A_ 



j,2 ^j,2 ^ Q,2'J 

Let us choose an > r+ so large that both 



|"T - CM^La 1 + - l^r + 2 (2 - a) -r\u\' - H-Err 



> 



1 



1 

2^ 



and also 



+ 2 (2 -a) 



> CM,l.a 1 + 



(126) 



(127) 



hold for r > rj^. Note that (besides the dependence of M, Z and a) rj^ will 
depend polynomially (in fact, linearly) on L, and like (9/4 — a) ^ on the mass. 
We now apply Lemma 19.21 (possibly making a bit larger), which guarantees 



> CM,l,a,a 



2— (l^-'l^ + r^^^) dr* - H-Err . 



In the region r < we can estimate the r- weights by i-weights to find 

2A_ 1 



R* 



{Qi) dr* 



R* 



(r2 + a^y r 



2\2 j,n2-2 



(I* 



/|2 



-^^f^) dr* - H-Err, 



with the first term being already controlled from our basic estimate. The fact 
that we lose polynomially in L here is irrelevant in view of the exponential loss 
which has already occurred. 

Finally, the H-bttot terms can be treated as previously, namely applying the 
estimates of Section with w (r) = r~^ and p = 0). Hence the estimate of the 
Proposition follows. □ 



9.5 Improving the weights near the horizon 

We would like to improve the weights near the horizon in Proposition 19.31 so 
that the left hand side is actually the non-degenerate energy integrated in time. 
However, we cannot construct a microlocal redshift estimate applying the tech- 
niques by which we derived the integrated decay estimate of Proposition 19.31 
The reason is that the resulting boundary term will not have a good sign near 
the horizon (since it will be supported on both the future and the past horizon) . 
One could of course estimate this boundary term by the (non-degenerate) A^- 
energy of 4''^ on the future event horizon. However, the latter actually diverges 
in the limit as r — > oo, since the full solution ip only decays logarithmically. This 
is in sharp contrast with the situation, when we derived the integrated decay 
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estimate of Proposition 19.31 Here the boundary term could be localized on the 
future event horizon and controlled by the (degenerate!) if-energy of ip"^ , which 
is controlled from the boundedness statement O 

The resolution is to apply the A''-estimate in physical space locally between 
two spacelike Ej* -slices. The only problem, then, is to get a good bound for 
the A^-energy of tp^ (from the total energy) on some initial slice. This will be 
achieved later using the pigeonhole principle. We start with the local iV-estimate 
for i'^: 

Proposition 9.4. 

+CAf,i,a • e^«.'-^^ / Jf!mn^^ (128) 



t*=0 



holds for any T2 > ri > 0. 



Proof. Apply the iV-estimatc for □gV'iJ^ = in physical space from ri to T2. 
The spacetime term has a good sign near the event horizon while 

away from it it is estimated from Proposition 19.31 Add the estimate and 
the estimate of Proposition 19.31 to the resulting estimate. This yields (|128p 
except for the errorterm 

/ KN{r,) (129) 

on the right hand side. The latter is controlled by borrowing an e from the 
spacetime term on the left and controlling /^^^.^^ ^^-j from the boundedness 

statement as in Section |921 n 



Remark 9.5. Using elementary spectral analysis (involving WeyVs law and 
compactness arguments ) one can show that the first term on the right hand side 
is always finite (with a constant that may blow up as L oo). This is not 
needed in the following, as we are going to apply the above Proposition only for 
special , for which a better, completely explicit, bound for the right hand side 
is available. 



9.6 Higher derivatives 

The estimates of Propositions 19.31 and 19.41 can be obtained for all higher deriva- 
tives in by commuting globally with T and locally near the horizon with the 
redshift vcctorfield (as in [151 126] ) and locally near infinity with angular mo- 
mentum operators. Since these estimates have become standard after |15| and 
have appeared in detail previously in the literature, they are omitted. 

^This difficulty is absent in the asymptotically flat case, where one proves a local integrated 
decay estimate for the full solution. The problem here arises precisely from the fact that we 
cannot prove an integrated decay estimate for the high-modes! 
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10 Estimates for iIj^ 

Recall the densities and the energies (P7)) . 
Proposition 10.1. We have the estimate 

J^ei[^j]<^E2m-T (130) 

Proof. From (jl65p we already have 

/ y^dt*drd0d(t) 62 [iIjJ] .<E2[ip]-T (131) 
Jv 

Now we can use that L < \jne (aw) + a^w^ holds for VJ- For instance, for d^, 
L r dt f das.ia^V'II^ = ^ E < 

J -CO J "^^^ m£ 

— — [auj) 

V(A™,(ac^) + a2^2)|(aT^[) l^dL. 

'va^V«n^ + lata^V-frl , (132) 



oo 

oo 



< GM.La I dt I daR2 



and similarly with the derivatives dr, dg and dt (and linear combinations like 
the regular Z-derivative defined in ([Ml))- Multiplying (|132p (and its analogues 
for the other derivatives) with their appropriate r-weight and integrating over 
the domain of outer communications, we obtain 

/ ei [^] <y f ^dt*drded4> 62 [^[] (133) 
Jv ^ Jv 

from which the claim follows. □ 



11 Proof of Theorem ll.lt Logarithmic decay 

Starting from the estimate 



dt*drd9d(f> 61 [t/.^ < / 61 [^;] < / 61 [V^n < El [V] • r , 



sin ( 

/7?,(0,t/2) 

we find a slice Sr' with < r' < ^, such that 



/ sin 6* drd^d./. 6i [t/'H ^ ■E;i [V"] . (134) 
Js, 
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We apply Proposition 19.41 from that shce St-/ to any shce to the future of it to 
obtain in particular 

sin 61 dt*drd0d<j) a [^/j^] < Cu^La ■ e^"-'--^^ [ [^j] . 

Adding the estimate of Proposition llO.il we find 

ei m < f (ei m + ei ) < (e,^--'-^ + j) E2 [V] • 

K(t/2,t-1) JK(t/2,t-1) ^ -f^^ 

But the strip we are integrating over has length ^ and we can therefore 
extract a good slice between § < < r — 1 where 

j sin d drdOdcj) a < + - j E2 [^j] . (135) 

This holds for any L, in particular for L = ^^^^ ^ log (t) which implies that 

there is a slice E,- between ^ and r — 1 such that the energy decays like . 
Hence we have obtained a dyadic sequence of good slices through which the 
energy decays like (logr)^^. 

Proposition 11.1. The non-degenerate energy 



satisfies 



/(r)= / e,[i']^ / J^lijjn^ (136) 



fir)<r^ (137) 
logr 



for all T > 2. 

Proof. Note that the statement is immediate for the degenerate Hawking-Reall 
energy J-^ Jf^n^ in view of (|30p : The (log T)~^-decay is exported dyadically 
(from the dyadic sequence of good slices already obtained) implying that the 
degenerate energy decays like (logr) through any slice. 

This allows us to revisit the estimate for the vectorfield N (cf. [33]) . Namely, 
we estimate the error-term in the interior (away from the horizon) using the 
_fC-energy which has already been shown to decay logarithmically to obtain the 
local estimate (r2 > ti > 2): 

/ (t2) + / ' dr/ (r) < C • / (n) + Cmax((r2 - n) , 1) . (138) 

Jri iog n 

We claim that this estimate implies that 

/(r) <C'(logT)-i (139) 
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for r > 2 using a bootstrap argument. Here is a sketch: Wlog, C > 1. Define ( = 
8C^. Consider the region where / (r) < A(logT)~^ for A = 32C'^. Decompose 
the region into strips of length [ (the last one may be shorter) . In each strip, 
i.e. between r„ and Tn+i, we find a good slice for which 

1 A 1 / C A \ 1 
f{rgood)<jC- + C- = + C . (140) 

[ l0gT„ l0gT„ V [ / log'^" 

Applying the estimate from the good slice up to any slice to the past of the next 
good slice we find 

/ (r) <fA^ + C' + C 2l) -±- < < , (141) 

V ' / logr„ 41ogT„ logr 

where the last step uses that we can assume that r„ ^ I and hence J- ^ ;^r^ 
with a constant very close to 1. This improves the bootstrap assumption. □ 



12 Some remarks on the Schwarzschild-AdS case 

While we are not able to improve the logarithmic decay rate in the case of 
Schwarzschild-AdS (in accord with the heuristics given in the introduction), 
one can nevertheless extract some more information about the solution in this 
special case. The underlying reason is that for a = the background is spher- 
ically symmetric and one can expand the solution into the familiar spherical 
harmonics, Y;,„, which have eigenvalues £{£+!) (with a 2£-f 1 degeneration for 
fixed £) before cutting off in time. One separates the solution into a part which 
< L and a, part for which £ (£ + 1) > i: 

(t, r, 0, 0) = {t, r, 9, 0) - yj^ (t, r, 9, 0) 

where % is the familiar cut-off functions defined in Section [STTI Because there 
is no cut-off in time, both and ?/'} satisfy the homogeneous wave equation. 
Moreover, since the non-degenerate energies of tp\, are easily seen to be con- 
trolled (uniformly in L) by the full V'-energies, one obtains separate uniform 
boundedncss statements for ip], and ip^ for frce|j 

With this in mind, starting from DgV'b + p'^b ==0, one cuts tpi, off in time and 
repeats the previous analysis for -0^,. Since the timc-cut-ofF commutes with the 
cut-off in angular momentum in the spherically-symmetric case, we now obtain 

®Note that this was not possible in the Kcrr-AdS-case where the coupling of the Sme with 
ui prevented one from estimating the i/n,-energy on a spacelike slice from the i/i-energy. It is 
an interesting question whether a more refined spectral analysis of the S^i can provide such 
an estimate. 



£{e + i) 
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the following version of Proposition 19.41 

/ [A] + / JH [A] n^' < / [A] 

+CM,i,a-e''"''-^''i f J;^[Vb]n^. (142) 

Note that the last term on the right now involves only A and integration over 
E^j. The above estimate implies that A decays exponentially: 

/ JI^ [A]n'' <c^p{~e-^"-'--^ -t*) . (143) 

Despite this strong decay, interpolating with ip^ (for which only the boundcdness 
statement is available) one cannot improve the logarithmic decay rate for the 
full solution. The question whether the low modes in the Kerr-AdS case decay 
exponentially remains open. 

We finally remark that the exponential type multiplier estimates proven are 
sufficiently robust to establish this type of decay for any stationary spherically- 
symmetric black hole solution (asymptotically-flat or asymptotically AdS). This 
is because the exponential estimates only depend on the behavior at the ends, 
i.e. the asymptotics near the horizon and near infinity. The precise set-up and 
statements will be elaborated on in future work. 



13 Proof of Theorem II. 3t Absence of periodic 
solutions 

We give an elementary proof that there exist no time-periodic solutions for 
the massive wave equation on Kerr-AdS spacetimes in the parameter range 
\a\l < r_|_. For a = and the parameters {a,M,l) in the range for which 
the boundedness theorem holds, this result is an immediate consequence of 
the (logt*)^^-dccay established in the main theorem. However, whereas the 
main theorem required the construction of elaborate multipliers, the exclusion 
of periodic solutions can be obtained from elementary ODE arguments and the 
redshift effect near the horizon only. It is for this reason together with the fact 
that the latter result holds for a wider range of parameters that wc include its 
proof here. 

Proof of Theorem \1.3[ Step 1: We first prove that, as in the Schwarzschild case 
(cf. the Appendix of [29]), there exists no stationary (with respect to the globally 
timelike Hawking Reall vectorfield K) solution. This is accomplished by the 
usual "Bckenstein" -argument [5l I25j combined with a Hardy inequality for the 
mass term. Assuming that ■0 is a solution of Dip + j^ip = which satisfies 
K (ip) ~ T (ip) + [ip) = for A = ii°f' 2 , the wave equation reduces in 
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Boyer-Lindquist coordinates to: 



S sin( 



( 



.r--2A5*^ + AV*)9?^ + ^V' = 0. (144) 



The expression in the round bracket of the second hne is (setting detA 



<0) 



2A.g*^ + A^y" = ^ {gtt + 2Xg,^ + A^g^^) 



^ g {K, K)>0, (145) 



detA 



since the Hawking-Reah vectorfield is timehke in the black hole exterior. Note 
that the vector field dr (associated to Boyer-Lindquist coordinates) is given, in 

the {t*,r,6,(f>) coordinates, by: 



terms of {dt* ,d^, R), where R{f) = ,e,<p)=const is the radial vector field of 




.,,,d^ + R, (146) 

where K is the Hawking-Reall vector field. Since K{ip) = and since the 
last two terms are regular vectorfields on the event horizon, it follows that drip 
extends continously to any sphere arising from the intersection of a i* = const 
slice and the future event horizon. 

Multiplying (|144p by ^^^^^^ ijj, we find after integration by parts on a. t* = 
const slicqll: 



r—r^ 



drd9d^[^ [g'-'^idr^)^ + g'^deiPf + Pid^i/j 



0)^ 



-^^^^}(r,r,.,0)=O, (147) 

where the boundary term at infinity has vanished in view of the decay of ip and 
the boundary term at the horizon vanished since g'^'^ extends continuously to 
at the event horizon and since ipdrip is regular at r+, as established above. 

As in [221 Hn], using the bound \a\ < |, the zero order term can be absorbed 
into the first term via a Hardy inequality, from which it follows that -0 = 0. 



''The integration is performed on t* = const slice to avoid the bifurcate sphere {t = 
const} n {r = r+} where all the coordinate systems that we have so far introduced break 
down. 
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Step 2: We use a microlocal decomposition to reduce the analysis to that 
of an ode with trivial data. More precisely, in view of the separability of the 
geodesic equation, we may restrict our attention to solutions ijj of the form: 

^ = e-'"^'fir*)S,niiaLo,cose)e'""^, (148) 

where 5m^(ow, cos0)e*'"'^ are the (modified) oblate spheroidal harmonics intro- 
duced in Section 15.21 In view of Step 1 we can assume w — oj+ ^ 0. Since 
tjj is regular at the future event horizon and since the vector field — A_Z = 
dt + ^2°^^2 dcj, — dr* vanishes on "H^ (cf. (P^ . it follows that: 

In fact, we have on any t* = const slice, — A_Z = A_Z) where L* is a regular 
vector field at the horizon. Hence we obtain that 

near the horizon. Since -4^ = i^r ^ vanishes at the horizon, the rescaled 
function u = \/r^ + o? f also satisfies: 

\ + a'^ J 

Moreover, since "0 is in the class CH\j^g, we have the following unifornH radial 
decay estimates (recall that ' denotes r*-differentiation): 

^r3/2=o(l) , VVi/2==o(l). (150) 



Hence, we find for u = \^r^ + a'^ip, the decay rates 



ur 



i/2^o(l) , uV-i/2=o(l). (151) 



In Section [5731 we obtained the following ode ([52]) for each uj"^ (which we will 
write short hand as u) 



V{r))u = H. (152) 



Compared to ([5^ , here we have H = since no cut-off is needed in view of the 
ansatz (|148p . Recall the current ((76)) . From the decay of m at oo, it follows that 

QtM = and hence Im {u'u) — (153) 



*A priori, for a general solution, the r decay is only locally uniform in the t variable. Here, 
of course, we have global uniform radial decay in view of the ansatz. 
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globally, which in conjunction with the boundary condition (jl49p on the horizon 
implies that u vanishes on the horizon. 

Next we choose the free function z in the red-shift current ([77)1 to be z = , 
where Vred was defined in (j64p . Since 

\u' + i{uj-uj+)uf = 0{r-r+)^ 

from (jl49p and u = on the horizon, it follows that Q^.'^^'' = on the horizon. 
The derivative satisfies (use (|153p ) 

Q'red = W + * - ^+) - TT^d^H' {^red - v) < (154) 

red *red 

in a neighborhood of the horizon, which implies that Q^g^"* is non-increasing 

near the horizon. On the other hand, one easily checks that Q^^^'^f > holds 

near the horizon, which is only consistent with (|154p if Q^^^'' and hence u are 
identically zero in a neighbourhood of the horizon. Solving the linear ode (|152p 
with trivial initial conditions we conclude u = identically. □ 
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A Basic Fourier estimates 

Let (fi ^i, r, 9, (pj be a smooth function in Boyer-Lindquist coordinates and as- 
sume that (fi is also in time. We have the Fourier-transformation of (p, 

ip(uj,r,e,4>) = ^ f dt e"^'ip(t,r,e,4>) . (155) 
^ ^ V27r J-oo ^ ' 

We can, for each w and r, interpret ^ as a function on the Boyer-Lindquist 
spheres There is an orthonormal basis of L^-eigenfunctions S^i = 

S,n£ {auj, cos9) e™"^ on these spheres, which is obtained as the solutions of (|^ . 
Any (say smooth) function on the sphere can be expanded in terms of these 
eigenfunctions. Completeness and orthogonality of this basis yield: 

^ (l., r, e,4>)^Yl ('^) ^) ' (156) 

ml 
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vtf (r) = £ V^d0d^ (p r, 0, 4>) S:,, (o, 4>) , (157) 



where = sin 6 denotes the volume element with respect to which the or- 
thogonality relation of the Smi holds, cf. again (|42|) . We have the important 
Parseval identity on 

/ ^ded4> \0 (c, r, e, 4>)\' = Y1 (0 P • (i58) 

-'^^ ml 

Note that both sides depend on w. 

In the paper, we restrict to low modes. More precisely, we define for given 
L, the quantity 

<^mf\(0 = '^™/(0-C( ^ j (159) 

and the associated quantity 

Then, again by Parseval and the fact that |C| < 1, we have 

^dBd^ \(p, (a.,r,0,^) p = ^ 1^(7)1, (r) p 



§2 



< E l^™T^ (^) I' = / 1^ r, 0, 

Integrating this identity in lo and using that is independent of w, we obtain 
(using Parseval in t and cj) that 



00 



-00 JS- 
00 

< / dt 



dt I ^^ded4> {t,r,9,4>'^ p 

|<^(t,r,0,0) |2. (161) 



Of course, the same identity holds for ip^. 
Applications 

• Letting (p ~ ■0'' "^c can apply the estimate p6ip for fixed r > r+ corre- 
sponding to -Rloo- In the limit i?!^^ ^ ^oo one obtains an integral over 
the event horizon: 

lim / dt 



OO JS2 



^d0d^ IV-^ {t,r{R*_^),d,4>) P 
< lim / dt I ^ddd~^ W (t, r , e, 4>) P 

^dtdOd^ (t, r+,0, 0^ p . (162) 



■H(0,r) 
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• Letting tp = F, the inhomogeneity in the wave equation for tp^ , which is 
compactly supported in time (in two strips, actuaUy). Integrating (|16ip 



over /^*°° dr*, we obtain that 



r'\F\'<\mU 



The estimate (|16ip also holds for derivatives. For instance, 



dt / y/^ded(t) 

JS2 



(163) 



mi 



dt + dr 

-dt + dr* - ■ 



du^kujip^^g l + dr*p„^g lb-* " 



J.2 ,^2'Pme lb 



duj2 



ml 



L 



^- -Vmt 



ml 



dujY^ 



-dt + dr* 



' ml 

dt [ y^dOdcj) \[-dt + dr 



Higher derivatives can be dealt with similarly. We summarize this as 

Lemma A.l. Let D denote any operator of the collection dt, d^, de, dr* 
and Z ( defined in \24-^ ) of Boyer-Lindquist derivative operators. For a 
non-negative integer k let D*' denote any k^^ -order combination of these 
derivatives. Then, for any k, 

dt ^d9d4> \D''ipi,\'^ < dt /7d6'd0 • (164) 

Corollary A. 2. Letting (p = ■0'^; ™6 have for any weight function w (r) 



w (r) sin 9 dtdr* 



V 



< I w{r) sin 6* dtdr* dO clef) 



We may now choose w (r) with the correct weights near the horizon and 
near infinity to mimic the volume element y^. Since the derivatives D are 
all regular, and can readily be converted into the regular {t* , r, 9, (p)- coor- 
dinates, we finally obtain (using that the right hand side is only supported 
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for 0<t* < t): 

/ ^dt*drd0d(l) 62 [i^i] < I y/gdfdrdedcj) ea W] < E2 [V-] r (165) 
The same estimate holds for -0^". 
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